An anchoring adjusted currency option pricing formula is developed in which the risk of the underlying currency is used as a starting point which gets adjusted upwards to arrive at the currency call risk. Anchoring bias implies that such adjustments are insufficient. The new formula converges to the Garman-Kohlhagen formula in the absence of anchoring bias. Anchoring bias generates the implied volatility smile if investors hold heterogeneous exchange rate expectations.
Explaining the Smile in Currency Options: Is it Anchoring?
Arguably, the most popular currency option pricing model among traders is the Garman-Kohlhagen model, which is the Black Scholes model (see Black and Scholes (1973) ) suitably modified for currency options (See Garman and Kohlhagen (1983) ). The existence of the implied volatility smile in currency options is inconsistent with the model. If the model is correct then implied volatility should not vary with strike, however, at-the-money currency options typically have lower implied volatility than in-the-money and out-of-the-money options (see Derman (2003) ).
The Black-Scholes/Garman-Kohlhagen model assumes that markets are informationally efficient in the sense that risk adjusted return from a currency option is equal to the risk adjusted return from the underlying currency itself. A pre-requisite for informational efficiency is that all risks are correctly perceived. However, risk is a highly subjective notion, and the argument that risks are often misperceived in significant ways even when stakes are high is frequently made. See Rotheli (2010) , Bhattacharya, Goldman, & Sood (2009) , Akerlof and Shiller (2009) , and Barberis & Thaler (2002) among many others.
How does one form risk judgments about currency call options? A currency call option's payoffs move in the same direction as the movement in the underlying currency; however, as it is a leveraged position in the underlying currency, it is clearly riskier. Hence, it is reasonable to start with the risk of the underlying currency and add to it to arrive at a risk judgment regarding a currency call option. However, using the risk of the underlying currency as a starting point to form risk judgments regarding currency call options exposes one to the anchoring bias. Kahneman and Tversky (1974) in their experiments noted that adjustments from an initial value are typically insufficient as people tend to stop after they reach a plausible value starting from some initial value.
Hence, estimates remain at the boundary of plausible values near the initial value known as the anchor. For a survey of recent research on anchoring, see Furnham and Boo (2011) .
As argued in Shiller (1999), anchoring appears to be an important concept for financial markets. Hirshelifer (2001) considers anchoring to be an "important part of psychology based dynamic asset pricing theory in its infancy" (p. 1535). Empirical evidence suggests that experienced professionals show economically and statistically significant anchoring bias in forming stock return estimates (see Kausta, Alho, and Pultanen (2008) ). Anchoring has been found to matter in the bank loan market as the current spread paid by a firm seems to be anchored to the credit spread the firm had paid earlier (see Douglas, Engelberg, Parsons, and Van Wesep (2015) ). The role of anchoring bias has been found to be important in equity markets in how analysts forecast firms' earnings (see Cen, Hillary, and Wei (2013) ). Also, Campbell and Sharpe (2009) find that expert consensus forecasts of monthly economic releases are systematically biased toward the value of previous months' releases. Johnson and Schnytzer (2009) show that investors in a particular financial market (horse-race betting) are prone to the anchoring bias.
Given the importance of this bias for financial markets in general, and the presence of this bias in experienced professionals in particular when they form stock return estimates (see Kausta et al (2008) ), it is logical to expect that such a bias also exists in call return estimates. This becomes even more compelling when one realizes that a clear starting point exists for call options, which is the underlying stock. In fact, considerable field and experimental evidence suggests that such a bias matters for call options. Market professionals with decades of experience often argue that a call option is a surrogate for the underlying stock. 2 Such opinions are surely indicative of the importance of the underlying stock risk as a starting point for thinking about a call option risk, and point to insufficient adjustment to perceived risk, which creates room for the surrogacy argument.
Furthermore, a series of laboratory experiments (see Rockenbach (2004) , Siddiqi (2012), and Siddiqi (2011) show that the hypothesis that a call option is priced by equating its expected return to the expected return from the underlying stock outperforms other pricing hypotheses. The results are consistent with the idea that risk of the underlying stock is used as a starting point with the anchoring heuristic ensuring that adjustments to the stock risk to arrive at call risk are insufficient.
Hence, expected call returns do not deviate from expected underlying stock returns as much as they should. Siddiqi (2015) puts forward an anchoring adjusted option pricing formula for equity options and shows that it provides a unified explanation for a number of option pricing puzzles. In this article, I extend the argument in Siddiqi (2015) to currency options. In this article, I show that if the risk of the underlying currency is used as a starting point to form a risk judgment about the corresponding call option and anchoring bias leads to insufficient adjustment, then a new option pricing formula arises. The new formula converges to the Black-Scholes/Garman-Kohlhagen formula if there is no anchoring bias. If the prices are determined in accordance with the new formula, and the Black-Scholes/Garman-Kohlhagen formula is used to back out implied volatility, then the smile may arise if exchange rate expectations are heterogeneous. Hence, anchoring provides a potential explanation for the smile in currency options.
The central prediction of asset pricing theory is:
Where and denote the (gross) return on a risky asset and the return on the risk free asset respectively. Equation (0.1) shows that the return that a subjective expected utility maximizer expects from a risky asset depends on his belief about the covariance of the asset's return with his marginal utility of consumption.
According to (0.1), an investor is required to form a judgment about the covariance of an asset's return with his marginal utility of consumption. It is reasonable to think that instead of forming such judgments in isolation for each asset, such a judgment is formed for a familiar asset and then extrapolated to another similar asset. A currency call option derives its existence from the underlying currency, and their payoffs are strongly related and move together.
With the above in mind, an analogy maker is defined as a subjective expected utility maximizer who uses the risk of the underlying currency as a reference point for forming risk judgments about the corresponding currency call option. That is, an analogy maker assesses call risk in comparison with the underlying currency risk. If one forms a judgment about call option risk in comparison with his judgment about the underlying currency risk, then one may write:
and are call and currency returns respectively, and is the adjustment used to arrive at call option risk from the underlying stock risk. Almost always, assets pay more (less) when consumption is high (less), hence, the covariance between an asset's return and marginal utility of consumption is negative. That is, I assume that . So, in order to make a call option at least as risky as the underlying currency, I assume . An analogy maker understands that a call option is a leveraged position in the underlying currency, hence is riskier. However, starting from the risk of the underlying stock, he does not fully adjust for the risk, so he underestimates the risk of a call option. That is, , which is the absolute value of risk adjustment is not large as it should be.
In contrast, option pricing theory predicts that: Secondly, to a credit constrained seller, selling an over-priced option creates bankruptcy risk whereas buying an option does not create such a risk. The reason is that buying an option confers a right to the buyer without creating an obligation, whereas selling an option creates an obligation. In case of a strong adverse movement, a credit constrained seller may get bankrupt. Finally, a replicating portfolio may not even exist, for example, when the underlying currency follows jump diffusion or stochastic volatility. In this article, I assume geometric Brownian motion for simplicity; however, it is easy to extend the argument to more general processes such as jump diffusion and/or stochastic volatility.
Analogy Making and the Value of Currency Options
Suppose the marginal investor in a currency call option with a strike of is an analogy maker. If denotes the domestic currency price of a call option on one unit of foreign currency, is the expected percentage appreciation in the domestic currency price of foreign currency, and is the foreign interest rate on a risk free bond, then over a time interval :
(1.1)
That is, the expected return from holding the foreign currency is the drift of the exchange rate (domestic units per foreign unit), plus risk free interest rate earned from holding the foreign currency in a risk free asset such as foreign treasury notes. An analogy maker adds the adjustment term to the return from holding the underlying currency to arrive at the return he expects from a currency call option. As a higher strike call is riskier than a lower strike call, rises with strike.
All the assumptions of the Black-Scholes/Garman-Kohlhagen model are maintained except for two assumptions. Firstly, I allow for (proportional and symmetric) transaction costs, whereas the Black-Scholes/Garman-Kohlhagen model requires that transaction costs must be zero. Secondly, I assume that there is anchoring bias implying that the adjustment to the underlying currency return (risk) to arrive at the currency call return (risk) is insufficient. If is the percentage transaction cost, then (1.1) can be re-written as:
( 1.2) As in the Black-Scholes/Garman Kohlhagen model, I assume that the spot exchange rate (domestic units per foreign unit) follows geometric Brownian motion with drift and standard deviation equal to :
(1.3)
Equations (1.2) and (1.3) are sufficient to arrive at a partial differential equation (PDE) that a currency call option must satisfy under analogy making. The associated PDE is described in proposition 1.
Proposition 1 If analogy making determines the price of a European currency call option in
the presence of transaction costs, then its price must satisfy the following PDE:
(1.4)
With the boundary condition that at expiry, which is at time , the value of a European call option with a strike of is given by:
Proof.
See Appendix A.
▄ It is interesting to note that (1.4) is equal to the Garman-Kohlhagen PDE/Black Scholes PDE for currency options if the adjustment is correct, and there are no transaction costs. To see this clearly, note that the correct adjustment to underlying currency return (risk) for estimating currency call return (risk) when is:
(1.5)
Where is call price elasticity w.r.t the underlying currency exchange rate. That is, .
Substituting (1.5) in (1.4) when leads to:
(1.6)
(1.6) is the Garman-Kohlhagen/Black Scholes PDE for currency call options.
As can be seen from (1.6), correct adjustment leads to the Garman-Kohlhagen/Black-Scholes PDE for currency call options. However, the presence of anchoring bias and transaction costs imply that the PDE to solve is given in (1.4).
A special case is the situation where the marginal investor is risk neutral with zero transaction costs. With risk neutrality, it follows that . It is easy to see that risk neutrality also makes analogy PDE equal to Garman-Kohlhagen PDE (1.4 is equal to 1.6).
It is clear that 1.4 becomes equal to 1.6 in two cases: 1) Risk aversion with correct adjustment, and 2) Risk neutrality. Hence, risk aversion with incorrect adjustment, that is, risk aversion with the anchoring bias creates a divergence between the analogy PDE and the Garman-
By using a similar method to what is used in solving the Black-Scholes/Garman-Kohlhagen PDE, the analogy based PDE given in (1.4) can be solved to recover an option pricing formula for a currency call option under analogy making. Proposition 2 presents the formula. By using put-call parity, the price of a currency put option is also obtained. Follows from put-call parity for exchange rate options.
▄
Next, I show that if option prices are determined in accordance with the analogy formula, and the Garman-Kohlhagen/Black-Scholes formula is used to back-out implied volatility, the smile may arise with heterogeneous expectations.
The Implied Volatility Smile
An analogy maker uses the return (risk) of the underlying currency as a starting point to form his judgment about the return (risk) of the currency call option, with the anchoring bias leaving him short of the correct adjustment.
There are two broad cases to consider: 1) Homogeneous expectations: marginal investors in all call options use the same starting point. It is the simplest case to analyze, however, not very realistic. 2) Heterogeneous expectations: marginal investors in higher strike calls use higher starting points. That is, marginal investors in higher strike calls are more optimistic about the return from the underlying currency than marginal investors in lower strike calls. This is more realistic.
For the purpose of illustration, the following parameter values are assumed:
. These values are sufficient to price European currency calls with various strikes by Garman-Kohlhagen (GK) formula. The prices are shown in Table 1 under the heading GK. To use the analogy formula, one also needs to know and . For a given value of , there must exist a value of , which makes the analogy price equal to the GK price. By definition, that value of is the correct adjustment needed to arrive at the correct call return starting from the underlying currency return. As Table 1 shows, if investors use correct adjustments, then it does not matter which formula they use as the analogy formula and the GK formula give the same answer. That is, if the analogy formula determines real world prices, and the GK formula is used to infer implied volatility, then the implied volatility would be 20% (correct value of ) as long as the adjustment is correct. However, as the large literature on anchoring bias argues, the adjustments from a starting point are usually insufficient. What happens with insufficient adjustment? For the purpose of illustration, I assume that adjustments are always 50% of the correct adjustment. That is, from a given starting point, investors only reach half-way to the correct adjustment. Table 2 shows the values of implied volatility with the assumed half-way adjustment. Table 2 shows that the implied volatility falls monotonically with strike if expectations are homogeneous.
As discussed earlier, assuming that expectations are homogeneous is not very realistic. It is likely that more optimistic investors self-select into higher strike calls. Also, note that it does not make much sense for an investor with a pessimistic outlook to buy a call option. After all, a call option is a leveraged position in the underlying currency. Buying a currency call with a pessimistic outlook is equivalent to intentionally magnifying one's losses. That is, one must at least have a neutral outlook about the underlying currency if he buys a currency call option. So, it makes sense to argue that investors self-select with neutral to moderately bullish investors selecting low strike calls, and strongly bullish buying higher strike calls. As an illustration of this point, continuing with the example presented in Table 2 , I assume that when is 0.90, 0.95, and 1.0 (neutral), when is 1.05 (moderately bullish), and when is 1.1 (strongly bullish). Figure 1 is a graphical illustration of the resulting smile.
Figure 1
As Figure 1 shows, the anchoring bias with heterogeneous expectations may give rise to implied volatility smile. If the anchoring approach is correct, then the degree of heterogeneity or belief dispersion must have a direct impact on the structure of the smile. One would expect greater belief dispersion to increase the curvature of the smile. This is consistent with empirical evidence that heterogeneous exchange rate beliefs are an important determinant of the shape of the implied volatility smile, and greater belief dispersion increases the curvature of the smile (see Beber, A., Buraschi, A., and Breedon, F. (2010) ).
Comparative Statics
For the purpose of hedging risks arising from currency option exposure, partial derivatives of (1.7)
and (1.8) are of special interest with 'hedge ratio' being of prime importance:
(3.1) Last but not the least, the presence of transaction costs dampens the magnitude of nearly all partial derivatives.
The partial derivatives of put option are similarly obtained from (1.8) and they have opposite signs.
Conclusions
People choose which options to buy based on subjective reasons. This fact compels one to think that investor expectations matter for option demands and prices. Indeed, Bollen and Whaley (2004) find that demand pressures associated with various option series matter for implied volatility.
However, theoretical option pricing models typically do not have any role for investor expectations, even though they provide an elegant framework of analysis. It seems that the challenge is to incorporate investor expectations in the elegant option pricing framework with the goal of increasing its explanatory power. The idea of analogy making provides a tool to do just that.
As discussed in the introduction, analogy making approach is inspired by experienced market professionals, who consider the underlying instrument risk to be a starting point for forming risk judgments about corresponding call options. An analogy maker is a subjective expected utility maximize who uses the risk of the underlying instrument as a starting point to which he adds to, with an objective of forming risk judgments regarding corresponding call options. Anchoring bias implies that such adjustments are insufficient.
In this article, the approach is extended to currency options. The approach leads to an analogy based currency option pricing formula which contains the Garman-Kohlhagen formula as a special case corresponding to the absence of the anchoring bias. With anchoring bias, the implied volatility smile may arise.
Substituting the above transformations in (B1), we get:
Choose and . (B2) simplifies to the Heat equation:
With the initial condition:
The solution to the Heat equation in our case is:
Change variables: , which means: . Also, from the boundary condition, we know that . Hence, we can restrict the integration range to
Complete the squares for the exponent in :
